We consider the time evolution after sudden quenches of global parameters in translational invariant Hamiltonians and study the time average expectation values and entanglement entropies in finite chains. We show that in noninteracting models the time average of spin correlation functions is asymptotically equal to the infinite time limit in the infinite chain, which is known to be described by a generalized Gibbs ensemble. The equivalence breaks down considering nonlocal operators, and we establish that this can be traced back to the existence of conservation laws common to the Hamiltonian before and after the quench. We develop a method to compute the leading finite-size correction for time average correlation functions and entanglement entropies. We find that large corrections are generally associated to observables with slow relaxation dynamics.
I. INTRODUCTION
The experimental realization of systems that evolve unitarily for long time without dissipation 1-5 has spurred the theoretical research on nonequilibrium dynamics in isolated many body quantum systems. Trapped ultracold atom gases have become the paradigm of systems that are weakly coupled with the environment and can be designed to have highly tunable Hamiltonian parameters 6 . At the same time, the evolution after a sudden quench of a Hamiltonian parameter has come to be one of the most studied protocols , primarily but not exclusively because of the stationary properties that emerge at late times after the quench. Although the system is in a pure state, generally correlation functions as well as reduced density matrices (RMDs) relax to stationary values 29 which can be described in terms of an effective statistical ensemble. In addition, the stationary state turns out to be strongly influenced by dimensionality and local conservations laws 30 . In this work we consider the time evolution of the ground state of a translational invariant spin Hamiltonian after a sudden quench of a global parameter h 0 → h
The late time physics can be investigated in alternative ways. In infinite chains we can study the behavior of RDMs at long time after the quench, and define the stationary state ρ ∞ as follows
where ρ (L) (t) ≡ |Ψ(t) Ψ(t)| is the density matrix in a chain of L spins,Ā is the complement of the subsystem A, and we assumed the limits to exist (but there are exceptions 31 , e.g. if there are localized excitations). Because of quantum recurrence 32 ρ ∞ cannot be defined in finite systems. However generally it turns out that at almost every time expectation values of observables are close to their time averages 33 . Thus, in a sense, the finite system relaxes to the ensembleρ that describes time average expectation values
(1.
2)
It is commonly called diagonal ensemble 30, [34] [35] [36] , since in a basis that diagonalizes the Hamiltonian only the diagonal elements of the density matrix survive the time average.
The thermodynamic limit and the infinite time limit in eqs (1.1)(1.2) come in different order, so a preliminary question is whether the two ensembles are identical
(1.3)
In general the answer is no. The breakdown of relations like (1.3) in the nonequilibrium evolution of a generic pure state is a well-known fact 37 that can be traced back to the issue of ergodicity in quantum mechanics 38 . In this paper we focus on one aspect that rules out Eq. (1.3). We indeed show that it is not unusual that the Hamiltonians before and after the quench share local conservation laws, and this is sufficient to contradict Eq. (1. 3) .
A second question is whether the two ensembles have the same local properties, i.e. (1.4)
In other words we wonder whether the expectation value of local observables in finite chains are equal, on time average, to the value they approach in the limit 1 t L. We regard Eq. (1.4) as a nontrivial statement, though the physical intuition suggests (1.4) to be true. For a generic system, Eq. (1.4) together with the eigenstate thermalization hypothesis 39, 40 underlie the idea of thermal relaxation 41 , which results in an equilibrium thermal ensemble ρ ∞ . It is well known that local conservation laws after the quench invalidate this simple description, and it was proposed in Ref. 30 that the constraints of conservation laws I j can be taken into account by considering the generalized Gibbs ensemble (GGE) where
. This conjecture has been verified in several systems 24, [42] [43] [44] [45] [46] and is now expected to describe the late time behavior after a quantum quench in integrable models, in which there are infinite local conservation laws. Although the GGE 'solves' the problem of ergodicity at infinite time after the quench for local degrees of freedom, the fact that ρ ∞ can be different from ρ shows that there are other effects.
If Eq. (1.4) is satisfied then the question moves to the finite-size corrections ofρ (L) in Eq. (1.2) and to the approach to the stationary state ρ ∞ in the infinite chain (see also Refs 35, [47] [48] [49] [50] [51] [52] ). In order to investigate these questions we consider quenches in models with a free-fermion representation, in which the late time behavior of correlation functions and entanglement entropies is known, and we compute the leading finite-size correction for time average correlation functions and entropies. We recognize that large finite-size corrections can be ascribed to the existence of (local) conservation laws 'unaffected' by the quench. Moreover, we find that they are generally associated to observables with slow relaxation dynamics.
Quenches in noninteracting spin chains:
the price of solvability
Noninteracting spin chains are the standard testing ground in nonequilibrium problems. If at any time the Hamiltonian can be mapped into a quadratic fermionic operator by a time independent transformation, the system can be studied by means of standard free fermion techniques. This allows numerical analyses in polynomial computational time, as well as analytic investigations. We point up that most of the simplifications rely on the time independence of the fermion mapping.
We focus on periodic spin chains (including chains that can be interpreted as translational invariant spin ladders) and call a the Majorana fermions in terms of which the Hamiltonian is quadratic. If the mapping is given by a Jordan-Wigner transformation the Majorana fermions can be defined as follows
and we have {a i , a j } = 2δ ij . Short range and translational invariance result in a Hamiltonian of the form
a H n a n (1. 7) with H a block circulant matrix (apart from boundary terms), that is to say 1.7) ). The dimension d of the blocks depends on the spin interaction. On the other hand the circulant structure is a consequence of translational invariance and hence is independent of the Hamiltonian parameters. We note that relaxing the condition of short range is not generally sufficient to spoil the structure. It is straightforward to show that in the infinite chain there are infinite conservations laws independent of the system details. Indeed, if C is a generic L/d circulant matrix we have 1 4
,n a H n a n , 1 4
,n
where in the last step we used that circulant matrices commute between each others. This shows that in shortrange noninteracting Hamiltonians translational invariance produces infinite conservation laws independent of the Hamiltonian parameters. Moreover, their range is essentially given by the size of the block of diagonals around the main diagonal that include all nonzero elements of C, so they can be defined to have finite range. The dynamics can be solved because it reduces in fact to a d-dimensional problem, and hence implicitly because of the infinite local integrals of motion independent of the system details. Although quenches in noninteracting models have been widely investigated, not much emphasis has been placed on this point and, to our knowledge, no observed behavior has been ascribed to this very aspect. We are going to show that its signature can be found in the finite-size corrections and in the relaxation dynamics of observables.
The manuscript is organized as follows. In Section II we introduce the model and report 53 the explicit expressions of Eqs (1.1)(1.2). In Section III we show that the diagonal ensemble in the transverse-field Ising chain (TFIC) describes noninteracting fermions and we construct the noninteracting representation; we also discuss the effects of common conservation laws. Section IV is quite technical: we prove Eq. (1.4) in the TFIC and develop a formalism to compute the leading finite-size correction of correlation functions. In Section V we study the finite-size corrections for the two-point functions of the most important operators of the model. We also compute the finite-size correction for the Rényi entropy S 2 and discuss the correction for the von Neumann entropy.
II. THE MODEL
In order to draw a comparison between relaxation to the stationary state in the thermodynamic limit and finite-size corrections in finite chains we focus on quenches in the transverse field Ising chain, where recently the time dependence of correlation functions has been computed exactly 24, 28, 51, 53, 54 . We note that our discussion generalizes straightforwardly to other spin chains with free fermion spectra, like the quantum XY model. The Hamiltonian is given by
At zero temperature the model exhibits ferromagnetic (h < 1) and paramagnetic (h > 1) phases separated by a quantum critical point h c = 1. It is the simplest paradigm of quantum critical behavior and quantum phase transitions, and in the last years has also become a crucial paradigm of quench dynamics. From a technical point of view, the Hamiltonian (2.1) with periodic boundary conditions is mapped into two separate noninteracting fermionic sectors by the Jordan-Wigner transformation (1.6) and is finally diagonalized by a Bogoliubov transformation in momentum space 55, 56 (d = 2). In the finite chain the state before the quench, namely the ground state of the model with a given magnetic field h 0 , is the squeezed coherent state
where |0 is the vacuum of the α fermions that diagonalize the antiperiodic (Neveu-Schwarz) sector of the final Hamiltonian as follows
ε h (p) = 2J 1 + h 2 − 2h cos p is the dispersion relation and K(p) is an odd function that depends on the quench details
Momenta are quantized as p = 2π(n + 1/2)/L, with n integer. The time evolution of |Ψ 0 is obtained by appending the phase e iεpt to the creation operators α † p . In Ref.
53 bothρ and ρ ∞ have been computed. The density matrix ρ ∞ has been identified with the GGE
where n p = α † p α p . We remind that local integrals of motion in Ising-like models are linear combinations of mode occupation numbers [58] [59] [60] (analogous relations hold true in a quantum field theory 61 ), hence ensemble (2.4) is the GGE (1.5), exponential of a linear combination of local conservation laws. The diagonal ensembleρ can be obtained easily by virtue of the factorization of the time average density matrix in the time averages of the reduced density matrices (RDMs) associated to quasiparticles with opposite momenta, i.e.
In Ref. 53 it was called pair ensemble for emphasizing the total correlation between quasiparticles with opposite momentum
We notice instead that the GGE gives a different result (see also Ref. 63 )
This is not unexpected since n k n −k is a nonlocal operator and the GGE describes only local degrees of freedom (1.1). By direct comparison of Eqs (2.4)(2.5) (or Eqs (2.6)(2.7)) we see that (1.3) is not satisfied after quenches in Ising-like models. We note that in both ensembles ρ GGE and ρ P E the von Neumann entropy
The entropy density of the pair ensemble is given by
2 . On the other hand the entropy density of large subsystems (of length ) in the generalized Gibbs ensemble (2.4) is double of the pair ensemble entropy density
In (the appendix of) Ref. 53 it has been pointed out that such discrepancies must be imputed to nonlocal degrees of freedom, and the authors provided an argument for the average of local-in-space operators to be equal in both ensembles, i.e. Eq. (1.4) for quenches in the TFIC (see also Ref.
44 for quenches to noninteracting bosonic systems). As emphasized in Ref. 64 , the disagreement between Eq. (2.8) and Eq. (2.9) indicates that the time average expectation values of a substantial number of observables cannot be described through the natural finitevolume generalization of the GGE (which corresponds to remove the thermodynamic limit from Eq. (2.4) so that the sum runs over the momenta quantized in the finite volume). It was also suggested that this could be related to the absence of factorization in independent uncorrelated fermion-like degrees of freedom, which in the TFIC is attributed to the strong correlations between quasiparticles of opposite momenta (cf. Eq. (2.6)). As a matter of fact, in the next section we show that the pair ensemble is factorized in noninteracting fermions, and the disagreement (1.3) is instead due to the existence of conservation laws independent of the quench parameter (the magnetic field).
III. PAIR ENSEMBLE
As revealed by Eqs (2.5)(2.6), with the time average the pair of quasiparticles with opposite momenta emerges as the new elemental object. In this section we formulate a description in terms of "pairs".
First, we notice that the pair ensemble (2.5) describes noninteracting fermions, indeed the eigenvalues of (2.5) can be written as
for some ν i ∈ [0, 1], where σ i = ±1 (we notice that half of ν's is equal to 1). However, because of Eq. (2.6), the noninteracting fermions cannot be linear combinations of the fermions α that diagonalize the Hamiltonian as in (2.3).
We start off with a single momentum and define two fermions, namely g † p , which we improperly call ghost, and the pair fermiond † p , as follows
The pair fermion represents to all intents and purposes the "pair" introduced qualitatively before, indeed its presence (absence) corresponds to the presence (absence) of both fermions α † ±p . We have
so that the reduced density matrix at fixed momentum ±p is given by (cf. Eq. (2.5))
In fact, the ghost and the pair fermion defined in (3.2) do not satisfy the correct anticommutation relations at different momenta: ghosts anticommute between each others but pair fermions commute both with ghosts and with other pair fermions. This problem can be easily solved by adding a nonlocal string to the definition of pair fermions:
Finally we obtain
which is a product of uncorrelated fermionic degrees of freedom.
We also write the final Hamiltonian in terms of the new fermions
It is rather surprising that the noninteracting representation ofρ (cf. (3.5) and (2.5)) does not correspond to the noninteracting representation of the Hamiltonian (cf. (3.6) and (2.3)).
The side effect of common conservation laws
Comparing Eq. (3.5) with Eq. (2.4) suggests that Eq. (1.3) is not satisfied in Ising-like models because of the ghost degrees of freedom. They enter Eq. (3.5) as the projector on their vacuum, and in particular
2)) is a conserved quantity which is independent of the quench details: n p − n −p is invariant under a Bogoliubov transformation of the α fermions, i.e.
the occupation numbers of the Hamiltonian before the quench. The expectation value of ghost occupation numbers is indeed zero at any time Tr[ρ(t)g † k g k ] = 0 (also before the quench) and, despite the definition in Eq. (3.1) depends on the Hamiltonian parameters, one can even define ghosts independent of the system details; the drawback is that the Gaussian structure of pair fermions is lost, although the pair ensemble is still proportional to the projector on the ghost vacuum. In any case g † p g p is a conserved quantity both before and after the quench. The GGE (2.4) does not correctly describe the expectation value of ghost occupation numbers
and since the right hand side is always positive, any linear combination of g † p g p has nonzero expectation value, in contrast to Eq. (3.7): g † p g p are intrinsically nonlocal. This is not totally surprising if we remind that the initial and final Hamiltonians share half of the integrals of motion [58] [59] [60] . Ghosts describe the projector on the eigenspaces of the common conservation laws in which the initial state is found; they are nonlocal because generally the projector on an eigenspace of a local integral of motion is nonlocal.
Associating zero effective temperature (λ → ∞ in Eq. (1.5)) to the ghost modes identifies (3.5) with a generalized Gibbs ensemble. However, it cannot be produced as a limit of reduced density matrices, as in Eq. (1.1), because the limiting procedure naturally orders the integrals of motion by their range of interaction (see also Ref. 60 ) and the corresponding Lagrange multipliers do not have a proper thermodynamic limit.
Similar situations can be expected also after quenches in interacting (integrable) models. For instance, in the Heisenberg XXZ chain the interaction is invariant under a rotation, and hence the projector of the total spin on the rotation axis is a local conservation law independent of the anisotropy parameter ∆ of the model. Quenching ∆ results in a density matrixρ (1.2) in which it is possible to factorize a projector. In analogy with the noninteracting case, in a basis in which the projector factorizes as the ghost vacuum does in Eq. (3.5), the remainder could have the form of a GGE. However, also in this case the diagonal ensemble should not be 'equal' to the generalized Gibbs ensemble (1.1).
Another simple argument that shows that something can go wrong when there are common conservation laws is the following. If the state at late time after the quench is described by a GGE, the alternative time evolution with a local Hamiltonian that commutes with the original one (after the quench) and with all associated conservation laws should give rise to the same stationary state. However, choosing a common conservation law as new Hamiltonian makes the density matrix to not evolve at all, and hence the local properties to remain the same of the initial state (which, among other things, is a lowentangled state).
In the next section we (re)derive Eq. (1.4) in Isinglike models (we formalize the argument of Ref. 53 ) and develop a formalism to obtain expectation values in the pair ensemble at O(L −1 ).
IV. EXPECTATION VALUES
The pair ensemble has a very simple form when expressed in terms of the Bogoliubov fermions (2.5) but computing spin correlation functions can be cumbersome also for the simplest operators.
For any given observable, the time average can be generally replaced by the average over a finite set of variables, reducing the problem complexity; however these approaches scale exponentially with the number of fermions that represent the observables, i.e. with the distance in the two-point function of operators with a nonlocal fermionic representation (as the order parameter in the TFIC). This makes impossible to study the behavior of two-point functions at large distances and entanglement entropies of large subsystems.
In this section we show that working with ghosts and pair fermions allows us to exploit the asymptotic noninteracting nature of the density matrix and hence compute correlations at O(L −1 ) in polynomial computational time (in addition, some correlations are finally written in a form suitable for analytical investigations).
A
We call local the observables with a spin representation independent of the chain length. In particular, spin correlation functions in the thermodynamic limit are local, regardless of the distance between operators. Strings of spins σ
are represented by strings of the Majorana fermions (1.6), hence a x and a y are the basic local objects 65 . They are linear combinations of the Bogoliubov fermions α that diagonalize the Hamiltonian (2.3)
where θ p is the Bogoliubov angle
On the other hand, the inverse transformation of (3.1)(3.4) is given by
where
and in particular
The standard free fermion techniques for computing expectation values rely on the linearity of Eq. (4.1), so the nonlinear mapping (4.2) makes calculations more difficult. However, Eq. (4.2) is linear in ghost operators (regarding e iπNg as an independent operator) and, moreover, ghosts commute with all other pieces
Thus, restricting ourselves to ghost degrees of freedom, we can in fact apply Wick theorem. This is the heart of
k is the projector on the ghost vacuum.
The proof is as follows. Since [g † p , W (q)] = 0 (cf. Eq. (4.2) and Eq. (4.3) ), the ghosts can be moved to the right preserving their order. Analogously we can move to the right the first projector on the ghost vacuum in Eq. (4.4), so that the ghost operators are sandwiched between two projectors on the ghost vacuum. We then apply the Wick theorem to the resulting factor, indeed
where the trace is over the ghost degrees of freedom, which results in the Pfaffian of Eq. (4.4). Now that ghosts have disappeared (we are left with the projector on their vacuum) the operator e iπNg (which had just a corrective algebra function) can be absorbed into the definition of pair fermions. The removal of the ghost degrees of freedom is complete.
Lemma 1 is the connection between the noninteracting nature of the original model and the resulting strongly correlated diagonal ensemble. We are going to exploit Lemma 1 to prove Eq. (1.4) and then obtain the leading finite-size correction. The reader not interested in the details of the derivation can jump directly to Lemma 3 of Section IV B for the statement of the result or Section V for practical applications. 
B. Thermodynamic limit and O(L
the pair ensemble (3.5) after tracing out the ghost degrees of freedom. The contraction means that the sum of the momenta associated to the W operators (4.4) is zero (and the first momentum is positive). Indeed each term of the Pfaffian makes the momenta equal (with opposite sign) two by two. We also note that each residual sum in Eq. (4.4) is associated to a factor 1/L.
Definition We call tangled two contractions in which it is necessary to commute also the Majorana fermions of those very contractions in order to bring operators with opposite momentum close to each other (they are shown in Eq. (4.6)). Otherwise we say they are untangled.
Lemma 2 The sums over the momenta of tangled contractions in Eq. (4.4) can be restricted to different momenta (in absolute value).
The proof is as follows. In general there are two kinds of tangled contractions, namely
which have opposite sign in Eq. (4.4), because they are connected by the simultaneous interchange of two different rows and corresponding columns of the matrix in the Pfaffian (4.4), operation that changes the Pfaffian sign. The terms in the sums (4.4) over the momenta associated to the contractions (4.6) that have the same absolute value simplify between each other, and hence the sums can be constrained to run over different momenta. Since W s with different momenta commute, we can reorder operators in such a way that W s with opposite momenta are adjacent. For future reference we also define the tangled group as follows:
Definition We call tangled group of a contraction the set of contractions in which momenta are forced to be different (by Lemma 2) from the momentum of the contraction.
In terms of ghosts and pair fermions the Majorana fermions (1.6) can be written as (cf. Eq. (4.1))
with (p > 0) where the apostrophe in the sums is used to remind that the momentum is different from any other momentum in the tangled group. We also write the contraction (which now means equality of momenta) betweenf andĝ operators: ) we can neglect such contributions and assume that all Majorana fermions have distinct momenta (we say that they have "maximal tangled group"). The average of products off andĝ factorizes in the product of the averages, in which sums run over distinct momenta:
(4.14)
however in the thermodynamic limit the constraints disappear We now rewrite Eq. (4.14) in a more practical way. The terms of the Wick expansion withoutf operators are trivially described by the correlators (4.14), also without the constraints on the momenta, because with the ordering (4.10)ĝ operators are tangled (see Appendix A). On the other hand, the terms with twof 's have the following
where we had to exclude the momenta associated to thê f 's in the remaining expectation value (ofĝ operators). At the first order, the two momenta in the expectation value are decoupled
where Q is some bounded function, which could be written explicitly by series expanding the Pfaffian in · · · . In fact we don't need the exact expression of Q, because the leading correction to · · · is O(L −1 ), but the sum over the other momentum is O(L −1 ) as well, resulting in
(4.16) As a matter of fact, it is convenient to represent the Kronecker delta as a sum, like in the central expression of Eq. (4.16). However, there is no need to sum over L/2 elements, indeed we can write
for anyL > + and the sum is overL/2 momentã k = 2π(n + 1/2)/L, with n integer. Considering local observables, the contractions of a x and a y fermions give rise to operatorsf in which the maximal , let us say M , is independent of L; it is sufficient to chooseL > 2 M to have a representation (4.17) valid for all terms of the Wick expansion (4.4) and for any chain length L. In this way we can easily isolate a factor 1/L from the expressions.
We note that each term of the (averaged) sum in Eq. (4.17) is a term of the Wick expansion of a noninteracting model with modified correlators, and taking into account the algebra of operators (Eq. (4.17) is valid only for operators ordered as in Eq. (4.10)) we finally obtain:
) the expectation value of local observables in the pair ensemble can be written as the average of the expectation values computed inL/2 Gaussian states:
where (sgn(0) ≡ 0)
andL is larger than the maximal difference between the indices of the a x(y) fermions in Eq. (4.18).
The leading finite-size correction O(L −1 ) can be obtained by series expanding at the second order the Pfaffian associated to the expectation values at fixed momentumk, as we are going to do for the longitudinal two-point function and the Rényi entropy.
V. FINITE-SIZE CORRECTIONS
We consider first some operators with a local fermionic representation.
Observables that are quadratic in the Majorana fermions (1.6)
have exponentially small finite-size corrections, which come out of the substitution of sums with integrals in Eq. (4.14), being e iθp and K 2 (p) smooth periodic functions (at least for quenches between noncritical models). These are the same corrections that arise considering the finite volume generalization of Eq. (2.4), so they are always present but independent of the time average. If there were no common conservation laws, we would expect only this type of corrections; therefore, we understand any additional correction as the effect of conservation laws independent of the quench parameter.
We now consider operators consisting of four Majorana fermions. In this simple case we can compute the expectation value explicitly. We obtain 
A. Transverse correlation
The two-point function of the transverse field is the expectation value of four fermions:
hence from Eq. (5.1) we have
The difference between the 2-point transverse correlations in the GGE and in the pair ensemble is independent of the distance. It is worth to compare this simple result with the approach to the stationary state. We remind that in the GGE the connected two-point function of the transverse field decays exponentially with the distance 51 . In Ref.
51 it has been observed that in order to extract the correlation length ξ z of the transverse field one has to wait a time exponentially larger than the distance. In finite systems, to avoid quantum revivals, the time must be smaller than the chain length L and hence log L . With the time average we obtain an analogous behavior. Indeed, because of Eq. (5.3) , the exponential decay can be 'seen' only if e − /ξz 1 L , that is to say log L . (5.4) B. Order parameter 2-point function
In this section we consider the longitudinal two point function
In contrast to the transverse correlation the leading finite-size correction does depend on the distance, e.g.
Computing C x ( ) is much more complicated than computing C z ( ), since the longitudinal correlation is nonlocal in terms of the Jordan-Wigner fermions. We use Lemma 3 to compute the leading correction. In each Gaussian state of eqs (4.18)(4.19) the two point function has the pfaffian representation
with
characterizes the leading correction to C In quenches from the ordered phase χ x displays a clean power law behavior, whereas in quenches within the disordered phase (the black circles represent −χ x ) it grows exponentially with the distance. Quenches across the critical point from the disordered phase (green down-pointing triangles) are characterized by oscillations, however we recognize a parabolic growth for almost all lengths.
over the auxiliary momentum. We finally obtain
In Fig. 1 we report the numerical data for quenches within and between the ferromagnetic and paramagnetic phases of the TFIC. The leading correction can be neglected in the following regimes:
In Refs 51,53 it has been shown that after quenches originating in the ferromagnetic phase the stationary value of C x ( ) emerges after a time that scales as a power law with the distance ; on the other hand the timescale after which the stationary behavior reveals itself after quenches within the paramagnetic phase is exponentially large. The finite size corrections (5.12) display the same behavior, providing further indications that large finitesize corrections in finite chains and slow relaxation in the thermodynamic limit could have the same root, i.e. in this specific case the existence of common conservation laws before and after the quench.
C. Rényi entropy S2
In this section we compute the leading finite-size correction for the Rényi entropy S 2 ≡ − log Tr[ρ 2 ], where ρ is the RDM of adjacent spins. We use that at the lowest order in L −1 the RDM can be written as (cf. Lemma 3) 
with γ and φ of Eq. (5.8). We need to compute the second moment of the reduced density matrix Tr[(ρ
The trace of the product of two Gaussian density matrices is given by 
characterizes the leading correction to S
After some algebra we obtain
with F the matrix defined in Eq. (5.8) and R ij = γ i−j . In Fig. 2 we report the numerical data for quenches within and between the ferromagnetic and paramagnetic phases. The leading correction can be neglected when Eq. (5.20) is the time average analogous of the large time behavior of the Rényi entropy
, where the correction can be neglected only if Jt. We point out that the leading finite-size correction is negative, as one could expect having in mind the entropy of the whole chain (cf. eqs (2.8)(2.9) for the von Neumann entropy).
D. Von Neumann entropy
In this section we show that the correction for the von Neumann entropy is O(L −2 ). We indicate with δρ the difference between the RDMs in the pair ensemble and in the GGE
At the first order in δρ (which corresponds to the first order in 1/L at fixed and large L) we have
The RDM in the GGE is the exponential of a two-form, so the trace in Eq. (5.22) is nonzero only if δρ has some quadratic contribution. This is however impossible, because the expectation value of fermionic quadratic operators is the same in the two ensembles. Thus we obtain
There are indications that this result can be partially generalized to generic quenches in which Eq. (1.4) is satisfied and the local properties of the system at late times after the quench are described by a GGE.
The argument is the following. At the first order we can extract from δρ ≡ρ − ρ GGE the dependence on the system size as a multiplicative factor (which in Isinglike models is 1/L) and then take the limit of infinite subsystem in the infinite system. In this limit ρ GGE is substituted with ρ GGE , which is the exponential of the local conservation laws. However, by construction, the two ensembles share the same local properties, so they must give the same expectation values of local integrals of motion I j , i.e. (cf. Eq. (1.5))
(5.24) Thus we expect that either the first correction drops off to zero for large lengths or it is exactly zero at any length, as in the TFIC. However this argument can be used only to exclude the leading power law correction in L and, e.g., does not apply when all (local) observables have exponentially small finite-size corrections.
VI. CONCLUSIONS
In this work we have shown that quenches of global parameters in periodic noninteracting chains are generally characterized by (infinite) conservation laws common to the Hamiltonians before and after the quench. We provided evidence that they have an impact on the finite-size corrections for time average expectation values. Considering in particular quenches in the quantum Ising model, we identified the regimes in which the finitesize corrections are negligible and found that large corrections correspond to slow relaxation dynamics in the infinite chain 51 . This indicates that in some cases slow relaxation could be related to the fact that the initial state is (close to be) eigenstate of local conservation laws of the final Hamiltonian.
In noninteracting models the slowing down could be amplified by the fact that there are infinite common conservation laws, so this issue need further investigations. To this aim, e.g., it could be worth analyzing quenches in which the noninteracting representation of the Hamiltonian depends on the quench parameter (in contrast to the Jordan-Wigner transformation (1.6)).
Finally, we did not calculated either the time average two-point functions or Rényi entropies when the typical length is order the chain length. Computing the (full) finite size scaling appears to be a very hard problem. In fact, semiclassical theories turned out to reproduce the asymptotic behavior of entanglement entropies and correlation functions after a quantum quench 21, 47, [68] [69] [70] ; since there are sizable finite-size corrections for the time average entanglement entropy density (cf. Eqs (2.8)(2.9)) we believe that a semiclassical approach might be successful also in this context.
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Appendix A
Here we prove that the factorization (4.14) holds true at O(L −1 ). First we observe that in each term of the Wick expansion of the operators ordered as in (4.10) all g's are tangled, indeed untangledĝ's appear only if a y fermions come both before and after a x fermions, condition never satisfied if Majorana fermions are ordered as in (4.10). Thus, any contraction involvesf operators. In addition, from Eq. (4.13) we see that the leading correction O(L −1 ) involves no more than one contraction. We also note that the observables with nonzero expectation values have an even number off . This is a trivial consequence of the fact that, whatever contractions are done, the contribution fromf andĝ operators (4.12) is always real. The adjoint of a string of 2n distinct Majorana fermions is the same string multiplied by (−1) n(2n−1) ; on the other hand eachĝ operator is associated with a i (cf. Eq. (4.11)), and hence the expectation value takes a factor (−1) n−n f , where n f is the number off operators. In order to have a nonzero expectation value the two factors have to be equal, i.e. n f must be even, as required. Now we show that in the terms contributing at O(L −1 ) no more than twof 's are present. and noticing that we don't get a factor 1 L only when the Kronecker delta is 1; since j = 0 the delta can be 1 only for the terms like the last one, where lengths are shifted. In the worst case we can sum over (n + 1)/2 momenta without satisfying the delta, ending up with a term in which all remaining deltas are equal to 1. Thus, we have Eq. (A1) and in particular we see that both a singlef (n = 1) and twof 's (n = 2) with maximal tangled group contribute at O(L −1 ), whereas more than twof 's give subsleading contributions.
On the other hand, iff 's have not maximal tangled group they are contracted. Each contraction gives O(L −1 ) contribution (at best, cf. Eq. (4.13)), hence we conclude that, in any case, more then twof 's correspond to subleading terms.
Sinceĝ's are tangled, terms withoutf 's are simply described by Eq. (4.14). We focus on terms with twof 's. The case of onef contracted with aĝ and onef with a maximal tangled group is subleading, since both operations are O(L −1 ). The contraction of thef operators is subleading as well because the ordering (4.10) makes positive the index off 's, forbidding the appearance off 0 as a result of the contraction (cf. Eq. (4.13)), which is the only term that would give contribution.
In conclusion, the tangled group of bothf 's must be maximal, so Eq. (4.14) is in fact sufficient to characterize the O(L −1 ) correction too.
